Dynamical Chern-Simons (dCS) gravity is a promising extension of general relativity (GR), arising naturally from the low-energy limit of some string motivated theories. Even though dCS possesses an additional scalar degree of freedom, interestingly, the Schwarzschild black hole is an exact solution of it. Concerning dynamical phenomena, however, gravitational and scalar perturbations couple with each other, generating possible scenarios to understand the differences between dCS and GR. We study dynamical signatures of dCS considering that the scalar field potential has a mass term. We analyze the influence of the theory's parameter into the quasibound states and in the time evolution of purely gravitational initial profiles. We find that the coupling can make the dipolar modes less stable and that at late times initial gravitational perturbations become contaminated with the scalar sector, presenting an oscillation that depends on the quasibound state frequencies. These results may be interesting in the light of superradiant instabilities in rotating systems and to find signatures of alternative theories in gravitational wave detections.
I. INTRODUCTION
The gravitational wave detections by the LIGO and Virgo collaborations opened the door to test the strong field regime of gravity [1] [2] [3] [4] [5] [6] . In this regime, especially in the merger of compact objects, general relativity (GR) shows all its nuances and one has to study it through the use of full numerical relativity machinery. Additionally, with the possibility of GR not being the true theory of gravity, these scenarios are ideal to observe signatures of alternative theories of gravity [7] (see also [8] [9] [10] [11] [12] [13] [14] ).
Since the discovery of GR, a plethora of alternative theories of gravity have been proposed, many of them motivated by problems related to the nonrenormalizabity of GR. An interesting class of alternative theories of gravity is the dynamical Chern-Simons (dCS) theory (see Ref. [15] for a review). The theory was introduced by Jackiw and Pi [16] , but it can also arise from heterotic superstring scenarios [17, 18] . We can write the dCS action as (we will use natural units G = c = = 1)1
where g is the metric determinant, R is the Ricci scalar, ϕ is the scalar field, * RR = R *
the Pontryagin density, and V s (ϕ) is the scalar field potential. The dCS theory can also be thought of as a subclass of a more general class of theories of gravity called quadratic gravity [15, * caiomacedo@ufpa.br 1 We could also add a constant in the scalar field action, but this can be absorbed in a redefinition of the scalar field [19] . 20, 21] . Usually, the scalar field potential is set to zero, but here we will consider it to describe a massive scalar, i.e.,
where µ is the scalar field mass. The consideration of a massive scalar field can be thought of as a dominant term in an expansion of the potential V s in powers of ϕ. As such, we will consider it to be relatively small, scaled with the black hole (BH) mass as M µ ≤ 0.5. Moreover, small mass ranges are particularly interesting when rotation is considered, as the superradiant instability is highly suppressed for large µM [22, 23] . We will investigate dynamical features of massive dCS by using perturbation theory. Because the Pontryagin density vanishes for spherically symmetric spacetimes [24] , spherical BHs are still described by the Scwarzschild spacetime, i.e.,
where f (r) = 1 − 2M/r. Metric and scalar field perturbations of BHs in dCS gravity can be studied by using the standard formalism introduced by Regge-Wheller [25] and Zerilli [26] . Perturbations of spherically symmetric BHs in dCS were studied in the past [15, 19, 27] , and we will closely follow the definitions of Ref. [21] . One can find that the even sector of the perturbation is precisely the same as that in GR, as scalar field perturbations couple only with the axial sector. Therefore, we will only study the axial sector in this paper. Within this picture, one can compute the quasinormal modes (QNMs) of the system, which are natural frequencies of the BH, behaving as purely ingoing waves at the horizon and outgoing waves at infinity [28] .
The QNMs in massless dCS was investigated in detail in Ref. [27] , where the behavior of the mode frequencies were analyzed for a wide range of the parameter space. Additionally, the authors briefly discussed the influence of the mass term into the QNMs of static BHs in dCS. Essentially, with the influence of the scalar mass, the behavior of the scalar modes as a function of the coupling constant is analogous to the massless case. Moreover, the gravitational mode dependence on the scalar mass is very mild. However, a study of one important part of the spectrum that arises when the mass term is present is still lacking: the quasibound (QB) states [29, 30] . QB states are localized long-lived solutions, slowly leaking to the BH2. This part of the spectrum is important because it is responsible for the superradiant instabilities rotating spacetime solutions [23] .
In this work, we explore the QB states of massive dCS gravity, considering as the background the Schwarzschild spacetime. We compute the monopolar and dipolar modes, considering different values for the coupling constant. We show that the coupling impacts mostly the imaginary part of the modes, influencing, therefore, the decay time of initial perturbations that excites the modes. We obtain in this frequency window that the spacetime is stable, corroborating previous studies in the literature [27, 31] . We also study how the mass term affects the time evolution of initial signals. We perform time evolutions of Gaussian wave packets, showing that the gravitational sector of the perturbations presents, at late times, a behavior similar to that of massive scalars.
The remainder of this paper is organized as follows. In Sec. II, we present the equations describing axial perturbations in massive dCS gravity. We present the direct integration method we will use to find the QB frequencies and the BreitWigner method to verify the results. We also present the setup for the time evolution of initial Gaussian profiles. In Sec. III, we present the numerical results for the QB modes and the results for the time evolution of gravitational and scalar perturbations. Finally, in Sec. IV, we present our discussion and conclusions.
II. PERTURBATIONS OF BHS IN MASSIVE DCS GRAVITY
The equations describing axial perturbations of Schwarzschild black holes in massive dCS can be written as3
where r is the tortoise coordinates, defined by dr = f (r) −1 dr, and Ψ = {ψ g , Θ}, in which ψ g represents the gravitational part of the perturbations and Θ is the scalar one. The potential V is given by
2 We will see that in the dCS the QB mode will also leak to infinity mainly through the gravitational channel [see Eq. (13)]. 3 See Ref. [21] for a derivation.
with
To compute the modes of the spacetime, we separate the time dependence by Ψ(t, r) = Ψ(r)e −iωt and supplement the system of equations with proper boundary conditions. These boundary conditions usually represent purely outgoing waves at infinity and ingoing waves at the horizon, which are referred to as QNMs [28] . However, because of the mass term, one can also have QB states in which the scalar field is suppressed at large distances. Note that, due to the form of V 11 , the gravitational field is not suppressed, behaving as an outgoing wave at infinity. Here, we will explore QB states for the scalar fields in dCS.
Near the horizon, we require purely ingoing boundary condition. We have
where the coefficients B g,i and B Θ,i are obtained by expanding the differential equations in powers of (r − 2M) near the horizon, solving for coefficients iteratively up to the order of
The boundary condition at the horizon, given by Eq. (10), depends only on two constants (B g,0 , B Θ,0 ). We can, therefore, obtain numerically two independent ingoing solutions at the horizon, namely, Ψ
, by choosing (B g,0 , B Θ,0 ) = (1, 0) and (0, 1) and integrating Eq. (5) outwards. A generic solution of Eq. (5) that is ingoing at the event horizon can be obtained by
At large distances, the boundary condition is more involved. We have to deal with two different asymptotic forms in order to properly describe the boundary conditions at infinity (see Appendix B of Ref. [32] for a different approach). The first boundary condition can be obtained by making
where k = µ 2 − ω 2 , and ν = M µ 2 /k. The upper signal indicates the QNM condition (Re(k) > 0), and the bottom indicates the QB condition (Im(k) < 0) [23, 33] . The second boundary condition is given by
It is worth noticing that the appearance of a damped term in the gravitational part of Eq. (12) and an outgoing wave term in the scalar part of Eq. (13) , respectively. Hence, the general solution satisfying the proper boundary conditions at infinity is
QB states can be found by requiring both boundary conditions at infinity and at the horizon to be satisfied. This means that, from Eqs. (11) and (14),
holds when ω is the frequency of the QB state. In practice, Eqs. (15) and (16) are computed at some intermediate point, say r = r m . As the system is linear, we can set one of the β coefficients to unity and use three of the components of Eqs. (15) and (16) to solve for the remaining β. The last component can be solved to find the mode frequencies ω. Equivalently, we can impose that the determinant
vanishes when the frequency is the eigenvalue of the system, generating complex values for the frequency, namely, ω = ω R + i ω I , with (ω R , ω I ) being real values. The method described above is usually referred to as direct integration method (DI) [34] [35] [36] , and it has been applied in the past to other classes of quadratic gravity [37, 38] . Another method to compute the modes and frequencies that is more efficient is the continued fraction (CF) method [39, 40] . The CF method relies on finding an appropriate expression to represent the fields such that it satisfies the proper boundary conditions of the problem (see, e.g., Refs. [35, 36] ). For coupled systems, such as the one presented in this paper, the situations are more complex because we have to consider a matrix-valued recurrence relation (see Refs. [32, 35] for instance). For our specific problem, we also have to find an expression that handles both with the behavior of outgoing waves and damped for the perturbations as presented in Eqs. (12) and (13) . Therefore, a more robust method-such as the CF-to find the modes is beyond the scope of this paper. Notwithstanding, the DI method usually handles QB states computations well, as in the case of the parameter space explored in this paper.
A. Monopolar and dipolar modes
Differently from GR, axial perturbations in dCS gravity present monopolar ( = 0) and dipolar ( = 1) radiative modes, linked with the scalar degree of freedom of the theory. One can show that the these modes can be described by the same equation, given by
where V 22 is given by Eq. (9) . Because the system reduces to a single second-order differential equation, it is much simpler to analyze, compared to the > 1 modes. Note that for = 0, the modes have a behavior that is precisely the same as that of a massive scalar field in the Schwarzschild background because the term proportional to α vanishes. On the other hand, the = 1 mode does have an additional term proportional to the coupling parameter. The = 1 mode is especially important because it is this mode that presents the most prominent superradiant instabilitiy in rotating BH spacetimes [41] . Therefore, one can analyze if the coupling makes the mode less susceptible to this instability by looking into the influence of the coupling into the imaginary part.
One may be tempted to adopt Eq. (18) as an approximation scheme for higher multipoles, which would be the case for a Dudley-Finley-like scheme [42] . However, we verified that, although it reduces to the GR case in the limit α → 0, Eq. (18) does not reproduce the behavior of the modes computed using the full set of equations (5). This reflects the importance of the gravitational feedback into the scalar QB modes.
B. Breit-Wigner method for the bound states
Another method that we can exploit is the Breit-Wigner resonant method [35, [43] [44] [45] . This method works well for modes with high-quality factors, i.e., |ω R /ω I | 1. Essentially, we have that the determinant given by Eq. (17) near the QB frequencies can be expanded as [35] 
The modes can be found by sweeping ω through real values, finding the above determinant, and fitting the modes to Eq. (19) . As QB states are usually high-quality factor modes, we can use the Breit-Wigner method as a check for the modes computed using the full direction integration method.
C. Time evolution of initial data
In order to understand the influence of the QB states into gravitational wave signals, we also perform a time evolution of the system, similarly to the one presented in Refs. [27, 46] . We write the system (5) using the light-cone coordinates, u = r −t and v = r + t, obtaining
We solve the system (20) with Gaussian initial conditions, i.e.,
, and (21)
In general, it is expected that the results, after a transient regime, do not depend on the choice of initial data [40] . As such, for our purpose, it is sufficient to consider only the initial Gaussian data of the type given by Eqs. (21) and (22) . For massive fields, time evolutions shed light in many directions. One can study the frequency of the QB states by analyzing the late-time signal through a frequency-filter technique [41] . One can also look into the influence of the scalar field on the gravitational signals, which can be studied, for instance, through only gravitational initial data [i.e., setting A 2 = 0 in Eq. (21)]. Because of the coupling, after an initial time, the scalar field will have an influence in the gravitational wave signal (and vice versa). Therefore, the mass of the scalar field will have an influence on the power-law tail. For the massless case, the power-law tail behavior is given by ∝ t −(2 +3) . For the massive case, it is given by [47] [48] [49] [50] 
with p = −( + 3/2) at intermediate times and p = −5/6 at very late times, and ω c spans over values close to the scalar field's mass, typically related to the QB state frequencies. This gives us possible distinctive signatures of alternative theories with extra massive degrees of freedom.
III. NUMERICAL RESULTS
Here, we present our numerical results, parametrizing them by ζ = 16πα 2 /M 4 . In order to validate our numerical code, we computed the QNMs in the massless case and performed time evolutions in the GR limit. For the massless case, we compare our the results with the ones presented in Ref. [27] , and the time evolution and massive modes with [23, 49] . Our results are in excellent agreement with the ones presented in the literature.
A. Quasibound states
We apply the DI procedure described in Sec. II. We focus on the dipolar and quadrupolar modes, but we also verify that the results for = 3 are qualitatively similar to the = 2 ones. We recall that the monopolar mode ( = 0) is precisely the same as that in GR. The dipolar case is important in order study possible implications of the coupling constant into the superradiant instability, once rotation is considered. The quadrupolar mode can show possible signatures in gravitational wave observations.
In Fig. 1 we show the imaginary part of the = 1 and = 2 fundamental QB frequency, normalized by the GR value ), for different values of the mass M µ. The behavior of the dipolar modes is very different from that of the quadrupolar one. In the top panel of Fig. 1 , we see that the dipolar mode becomes less stable as the coupling ζ grows, meaning that the imaginary part decreases in absolute value. This implies that these modes live even longer than they do in GR, making them more susceptible to the superradiant instability once rotation is considered. The opposite happens for the imaginary part of the = 2 mode (bottom panel of Fig. 1) . We see that the imaginary part increases in absolute value, becoming more stable and, therefore, more damped. We confirm these results by estimating the mode frequencies looking into the BreitWigner expression presented in Sec. II, comparing with the DI result.
We note that the behavior described above switches when considering M µ ∼ 0.5 for small couplings. As we can see in Fig. 1 , there is a maximum in the = 1 case and a minimum for the = 2 case. Nonetheless, for high values of the coupling, the behavior of the modes is the same as that described above, i.e., = 1 modes gets less stable and = 2 more stable.
For the real part of the modes, we find that in all cases it is basically insensitive to changes in the coupling ζ, the differences being < 0.1% from the GR modes in the range considered here. Hence, in the massive dCS gravity, the oscillation of the perturbations remains basically the same, but the damping time depends on the coupling. . We see that the characteristic oscillation appears earlier for higher values of the coupling ζ, but the frequency of these oscillations is basically the same (see the inset).
In all cases described here, we performed a numerical search for unstable QB modes, finding none. Our numerical results further corroborate the conclusion that the Schwarzschild spacetime in massive dCS gravity is stable. Note that this conclusion is supported from studies of another independent method, the S-deformation method [31] .
B. Time evolution of gravitational pulses
Here, focus on numerical evolution of an initially pure gravitational Gaussian packet in order to understand the influence of the scalar sector on gravitational waves, considering A 2 = 0 in Eq. (21) . The Gaussian packet is centered at v c1 = 10M and has a width σ = M, and the wave functions are extracted at r = 50M.
In Fig. 2 we show the result of a time evolution considering different values for the scalar field mass, considering ζ = 1 (left panels) and ζ = 10 (right panels). We can see that the initial gravitational response for all cases is the same. After some time, the gravitational field becomes contaminated with the scalar field, which impacts the behavior of the late-time tails not only in the power-law profile, but also by oscillations. The frequency of these oscillations is predominantly given by the QB frequencies, similarly to what happens in the GR case [49] (see also Ref. [51] ). The scalar field perturbation is initially smaller than the gravitational one, as expected because the pulse is initially only gravitational. However, the scalar perturbation grows in time, becoming larger at some intermediate times depending on M µ and ζ.
To see the role of the coupling constant on the gravitational signal, in Fig. 3 we plot the results for the time evolution with M µ = 0.1 and M µ = 0.2, considering ζ = 1 and ζ = 10. For ζ = 10 the scalar field has an impact on the gravitational perturbations at earlier times than in the ζ = 1 case. Additionally, in the late-time regime, the amplitude of the gravitational wave is larger in the ζ = 10 than it is for ζ = 1, demonstrating a clear influence of the cross terms in the late-time behavior. Also, we can see that the oscillation of the late field is the same for the two cases, which corroborates our result that the real part of the modes is almost insensitive to changes in ζ.
In Fig. 4 we plot the results for the time evolution with M µ = 0.3, considering ζ = 1 and ζ = 10. We can readily see that the power law for the gravitational perturbation is not the same as that in GR. Instead, we see that the behavior fits the ones given by Eq. (23), which shows further imprints of the scalar field's mass onto the gravitational sector of the perturbations.
IV. DISCUSSION AND CONCLUSION
Perturbation of BH spacetimes is a timely topic, helping us to understand the dynamics of these objects with a linear system of equations. In this work, we studied axial perturbations of static, spherically symmetric BHs in dCS gravity with a massive scalar field. Our work extends previous works in the literature, analyzing the behavior of QB states, which are long-living modes (partially) damped by the mass term. We found that the real part of the modes is insensitive to the coupling constant, and that the dipolar mode becomes less stable and the quadrupole more stable, as the coupling constant increases. We also analyzed the influence of the mass term into gravitational signals propagating in the BH spacetime, through the study of time evolutions of gravitational Gaussian packets. We showed that the scalar field mass has a direct influence on the late-time behavior of the signals.
Considering the QB states, our results show that BHs in massive dCS gravity can be, in principle, more susceptible to the superradiant instabilities of rotating black holes when compared to the GR counterpart. This susceptibility will depend on how the perturbations are coupled when rotation is considered. The results presented here give an indication of QB mode dependence on the coupling constant. A further study considering rotating black holes is needed to present the whole picture in this scenario and, therefore, is a logical extension of the present paper.
For the time evolution of gravitational perturbations, our results show that the theory presents clear signatures at late times, which could be potentially observed once we can access the gravitational tail. Additionally, this late-time behavior could be a signature of theories that are coupled with massive fields, not being exclusive to massive dCS gravity. For instance, within GR, if one considers the gravitational radiation triggered by the interaction of massive scalar field packets with black holes, the power-law tail will oscillate with a characteristic frequency that depends essentially on the QB frequency of the scalar field [51] , similarly to what we described here. Clearly, because the scalar field in dCS is directly coupled with the gravitational perturbations, the oscillation is more pronounced, as it could possibly be the case of other similar theories of gravity.
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